This paper deals with an elliptic system of the form -u = λθ 1 a(
Introduction
We consider an elliptic system of the form Therefore, the system (.) is asymptotically linear at infinity. In this paper, we are interested in studying positive solutions of (.) via bifurcation theory. For this, we define the underlying space
for r > N , endowed with the norm (w  , w  ) E := w  W ,r ( ) + w  W ,r ( ) . We say that (λ, (u, v)) ∈ R × E is a solution of (.) if (λ, (u, v)) solves (.) in the strong sense, that is, u, v ∈ W ,r ( ) and (λ, (u, v)) satisfies (.) almost everywhere in . Further, if u >  (< ) and v >  (< ) almost everywhere in then we say that (λ, (u, v) ) is a positive (negative) solution of (.).
We say that λ ∞ ∈ R is a bifurcation point from infinity if the solution set
contains a sequence {(λ n , (u n , v n ))} such that λ n → λ ∞ and (u n , v n ) E → ∞.
By a continuum of solutions of (.) we mean C ⊂ T which is closed and connected.
A continuum C bifurcates from infinity at λ ∞ ∈ R if there exists a sequence of solutions {(λ n , (u n , v n ))} ∞ n= ⊂ C such that λ n → λ ∞ and (u n , v n ) E → +∞ as n → ∞. Let μ  be the principal eigenvalue of -φ = λa(x)φ in , φ =  on ∂ , (.) and φ  be the corresponding eigenfunction. Without loss of generality, we normalize the eigenfunction such that φ  >  in and
. We will show, in Appendix , that ν  is a simple eigenvalue of the linear operator associated with the linear part of (.), that is, of -w  = λθ  a(x)w  in , -w  = λθ  a(x)w  in , w  =  = w  on ∂ .
It is the only eigenvalue such that both components of its eigenfunction, ( √ θ  φ  , √ θ  φ  ), are positive (or negative) in . Further, for each |k| ∈ N, ν k denotes the eigenvalue of (.). Theorem . establishes the existence of positive and negative solutions of (.) near ν  . In the next two theorems we determine the λ-direction to which the continua from Theorem . bifurcate. For this we impose additional conditions on the perturbations f and g below.
For α ≥ , define
be as in Theorem .. Then we prove the following results. 
Theorem . Suppose the hypotheses of Theorem . hold. If (H+) ((H-)) holds and
then http://www.boundaryvalueproblems.com/content/2014/1/242 Theorem ] . The goal of the present paper is to extend the above results to systems for positive and negative solutions. We prove our results by heavily utilizing a version of Lyapunov-Schmidt reduction method applied to a bifurcation from infinity.
We do not require any sign conditions on the nonlinear perturbations f and g near the origin. Thus Theorem . and Theorem . apply to both positone and semipositone type right-hand sides of (.) for positive solutions. See [] and [] , where an asymptotically linear system is considered but nonlinearities are singular at the origin. The existence of a positive solution to the left of ν  is established in [] using Schauder fixed point theory and to the left of ν  but away from ν  is established in [] using the sub and supersolution methods. In [, ], the authors consider a more general system, which includes system such as (.) as a special case. Their result, with additional assumptions on nonlinearities, shows that (.) has a positive solution in the right neighborhood of ν  using critical point theory. These papers provide the existence of solutions, but do not provide information on the connectivity of the solution set. Therefore Theorem . and Theorem . complement these existence results.
As a by-product of the theorems above, we have the following existence results for (.) at and near resonance. Finally, we consider a straightforward extension of Landesman-Lazer type conditions initiated in the celebrated paper [] by Landesman and Lazer to a system. In particular, we provide the solvability of the following system at resonance,
We assume a(x), θ  , θ  as before. Letf ,g : R → R be continuous functions and h i ∈ L r ( ) with r > N satisfying
Then we prove the following existence results, as corollaries of Theorem . and Theorem ., respectively.
Corollary . Suppose
Then (.) has a solution.
Corollary . Suppose
Similar results were obtained in [, Theorem .]. The author uses continuation of solution with respect to a parameter using the implicit function theorem and hence requires the autonomous part of the nonlinear perturbations to be C  smooth. In Section , we set up the functional framework for our problem to apply the abstract bifurcation theory discussed in Appendix . In Section , a variant of Krasnosel'skii's necessary condition for a bifurcation from infinity is discussed. In Section , we prove Theorems .-.. In Section , we prove Theorems .-., and Corollaries .-.. In Section , we provide several examples of f and g that satisfy the hypotheses of Theorems .-. and Corollaries .-.. In Appendix , we discuss the abstract bifurcation theory (Rabinowitz and Dancer type) which we use in our analysis. In Appendix , we study the spectral properties of the eigenvalue problem (.). In Appendix , we provide the proof of (.) claimed in Section .
Functional framework
In this section, we set up functional framework that enables us to treat our problem using Proposition A. discussed in Appendix .
Due to the growth condition (H) imposed on f and g and the fact that a ∈ L ∞ ( ), all solutions (u, v) of any elliptic system throughout this paper are understood in the strong sense, which means (u, v) ∈ E (bootstrap method and [, Theorem .]) and they satisfy the corresponding pde a.e. in . Since, for any r > N , W ,r ( ) → C ,η ( ) for some η ∈ (, ), the boundary conditions are satisfied in the usual sense. The abstract setting of our problem is
where L : E → E denotes the mapping
and H : R × E → E denotes the mapping
is well defined, obviously linear, continuous, and compact. Thus L is linear, continuous, and compact. Since f and g are Carathéodory functions satisfying (H), the corresponding Nemytski operator, denoted again by f and g, maps
Thus by the compactness of (-) - , we find that H(λ, (u, v)) is continuous and compact.
Claim: H satisfies
uniformly for λ in compact intervals. See Appendix  for a proof. In order to satisfy the assumptions of Proposition A., we use the Kelvin transform
Clearly N is continuous for (w  , w  ) = (, ) on compact intervals of λ. The continuity at (w  , w  ) = (, ) follows from the fact that 
where the convergence is in
In particular, for ν
be split into two subsequences one of which satisfies
with a '+' sign, the other with a '-' sign (one of the two subsequences may be void).
Proof Let (λ n , (u n , v n )) ∈ R × E be solutions of (.) such that (u n , v n ) E → +∞ and λ n ∈ , where ⊂ R is a compact interval. Then (w ,n , w ,n ) =
Owing to (C.), we find that the terms on the right-hand sides are bounded in L r ( ) (independent of n). Hence w ,n W ,r ( ) and w ,n W ,r ( ) are bounded (independent of n) and so are w ,n C ,η ( ) and w ,n C ,η ( ) , for some η ∈ (, ). Since
and hence satisfies (.). Since (w *  , w *  ) E = , λ * ∈ must be an eigenvalue of (.) and (w *  , w *  ) ∈ E a corresponding normalized eigenvector. For the case ν * = ν  , the statement follows from the fact that ν  is simple.
Proof of main results
Proof of Theorem . We will use the Lyapunov-Schmitt reduction method combined with a bifurcation from infinity. We split our underlying space E = span{(
where
are the eigenfunctions of the linear operator L and its adjoint L * , respectively, corresponding to the eigenvalue ν  (see Appendix  for details).
By Proposition ., for large n, (u n , v n ) takes the form
where t n → , t n = , and (u n , v n ) ∈ E  , that is, they satisfy the 'orthogonality' condition
It follows from a straightforward calculation,
n is the projection of (u n , v n ) to the subspace spanned by (
It is important to observe that |t n | - → ∞ if and only if (u n , v n ) E → ∞ as n → ∞. Indeed, it follows from (.), (.) and (.) that ⊂ T emanating, respectively, in the direction of positive and negative multiple of (
Then in view of the C  -regularity of solutions and Proposition ., D
) is the continuum containing large positive (negative) solutions corresponding to t n >  (t n < ).
Proof of Theorem . We will first establish part (I) of Theorem . by determining the λ-direction of the bifurcation of positive solutions from infinity at ν  . Let (λ n , (u n , v n )) ∈ T be such that λ n → ν  and (u n , v n ) E → +∞. Then by Proposition ., (u n , v n ) takes the form
where t n > , t n → , u n C ,η ( ) → , and v n C ,η ( ) →  as n → ∞. Therefore u n >  and v n >  for large n.
Multiplying the first equation of (.) by the first component of (
(eigenfunction corresponding to the adjoint operator L * ), integrating over , and using (.), we
This yields
and, using (.), it simplifies to
Similarly, multiplying the second equation of (.) by the second component of (
, and integrating over , we obtain
Adding (.) and (.), we have 
The previous equation gives rise to the following important identity for sufficiently large n:
Proof of part (I) for positive solutions: Now we proceed to complete the proof of part (I) of Theorem . by contradiction. Suppose that λ n ∈ [ν  , ν  + ε] for all n sufficiently large. This implies, by (.), that
for n sufficiently large. On the other hand, since u n >  and v n >  for large n, we have
Then since t n →  as n → ∞ and t n > , the following pointwise estimates hold in as n → ∞:
Consequently, using (H+), we get the following pointwise estimate a.e. in for sufficiently large n:
Similarly, for sufficiently large n
Observe that there exist c  , c  > , and δ > , such that
Therefore, since B  ∈ L r ( ) and  ≤ α  <  - of Fatou's lemma below yielding
The inequality (i) follows from Fatou's lemma, (ii) follows since
and the last inequality follows from assumption (.). The inequality (iii) is a contradiction to (.). Therefore, for t n > , ν  -ε ≤ λ n < ν  for large n by (.). This means that there is no positive solution for ν  < λ n ≤ ν  + ε for large n and thus part (I) assertion of Theorem . holds for positive solutions. Proof of Theorem . for negative solutions: The proof for negative solutions can be carried out in a similar fashion by using t n < , defining
and using -|s| α  instead of s α  in applying Fatou's lemma using (H-) and reversing the inequalities appropriately.
Proof of Theorem . The proof of Theorem . is similar with obvious changes. . This proves part (a).
For part (b), first we establish the result for the non-resonant case. For this, define
For λ = ν k , by the Fredholm alternative, the above system has a unique strong solution for
Then it follows from the standard compactness argument that T λ is compact. Next, de-
Now we show that for each fixed λ = ν k , for any |k| ∈ N, there exists a constant c(λ) >  such that (u, v) E ≤ c(λ). Indeed, suppose to the contrary that (u n , v n ) E → ∞ as n → ∞. Since f and g satisfy (H), it follows from (C.) that
Dividing (.) by (u n , v n ) E and taking the E norm yields
which is absurd. Then by the Schauder fixed point theorem, (.) has a solution for each λ = ν k for any |k| ∈ N and hence for (.). In particular, (.) has at least one solution for all
To complete the proof of part (b), it remains to show that (.) has a solution for
But part (I) of Theorem . implies that there are no positive or negative solutions (λ, (u, v)) ∈ T with λ ∈ [ν  , ν  + ε] and (u, v) E > K . Therefore all solutions (λ, (u, v)) with λ ∈ [ν  , ν  + ε] must satisfy the uniform bound (u, v) E ≤ K . Now let (λ n , (u n , v n )) be a sequence of solutions of (.) with λ n ∈ (ν  , ν  + ε] such that λ n ν  . Then for each n ∈ N, (u n , v n ) satisfy
Since (u n , v n ) E ≤ K , independent of n, there exists a subsequence, denoted again by (u n , v n ), that converges to some (u, v) 
. Thus the right-hand sides of the above system converges in L r ( ). By the same argument as in the proof of Proposition ., (u n , v n ) → (u, v) in E and the limit (u, v) satisfies
that is, it satisfies (.) for λ = ν  . This establishes the existence of a solution in the resonant case. Thus the proof of Theorem . is complete.
The proof of Theorem . follows similarly with appropriate changes.
Proof of Corollary . We will use Theorem . for
Then it is easy to see that hypothesis (.) is satisfied by (.) with
and
Therefore, by Theorem ., the system (.) has a solution.
The proof of Corollary . follows similarly with appropriate changes.
Examples
In this section we provide several examples of nonlinear perturbations f and g satisfying the hypotheses of our theorems. All examples below satisfy the hypotheses of Theorem ..
Thus the hypotheses of Theorem . are satisfied for α = .
Thus the hypotheses of Theorem . are satisfied for α = . 
Thus the hypotheses of Theorem . are satisfied.
Example . (Oscillating perturbation) Let  < β <  and  < γ . Then f (λ, s) = ( + sin(s))|λs| β and g(λ, s) = cos(λs
Appendix 1: Abstract bifurcation
We shall use results from the abstract bifurcation theory to prove our existence results. In particular, the theory of a bifurcation from infinity was developed mainly by Rabinowitz In what follows, by connected components of a topological space we mean the maximal connected subsets (ordered by inclusion) of the given space. We use the abstract bifurcation theorems concerning the bifurcation of continua of solutions from infinity for the operator equation
Here λ ∈ R is the bifurcation parameter and L : B → B is a linear and compact operator, H : R × B → B is a continuous and compact operator which satisfies sublinearity condition at infinity, that is,
uniformly on compact λ-intervals. http://www.boundaryvalueproblems.com/content/2014/1/242
It was shown by Krasnosel'skii [, p.] that a necessary condition for (μ, +∞) to be a bifurcation point from infinity is that μ is a characteristic eigenvalue of L.
Assume in addition that This abstract result for a bifurcation from infinity can easily be strengthened by using [, Theorem ], which applies to a bifurcation from zero from a characteristic value μ ∈ R of multiplicity . For ε > , define 
